Problem 1

Letn be a positive integer. L&k be the set of pointér, ) in the plane where andy are non-negative integers amér y < n.
Each point ofl" is coloured red or blue. If a poirft, y) is red, then so are all points’, y’) of T with botha’ < z andy’ < y.
Define anX-set to be a set of blue points having distinct-coordinates, and H-set to be a set of blue points having distinct
y-coordinates. Prove that the number6fsets is equal to the number Bfsets.

Problem 2

Let BC be a diameter of the circlE with centreO. Let A be a point orl’ such that0° < ZAOB < 120°. Let D be the
midpoint of the arcAB not containingC. The line throughO parallel to DA meets the lineAC atJ. The perpendicular
bisector ofO A meetdl” at £ and atF’. Prove that/ is the incentre of the triangl€ E'F'.

Problem 3
Find all pairs of integers:, n > 3 such that there exist infinitely many positive integeffer which

a™+a—1
a*+a?—1

is an integer.

Problem 4
Letn be an integer greater than 1. The positive divisors afed;, ds, . ..,d wherel =d; < ds < - - - < dp = n.

DefineD = dids + dgdg + - - dp_1dp.

(a) Prove thatD < n?.

(b) Determine alb for which D is a divisor ofn?.

Problem 5

Find all functionsf from the set of real numbers to itself such that

(f(@) + f(2) (f(y) + () = fzy — 2t) + f(at +y2)

forall z,y, z,tinr.

Problem 6

LetTy,Ts,..., T, be circles of radius 1 in the plane, whete> 3. Denote their centres b, O,, ..., 0, respectively.
Suppose that no line meets more than two of the circles. Prove that

1 (n—1m
Z 0 < 4 ’

0,0.
1<i<j<n 77




