
Problem 1

Let n be a positive integer. LetT be the set of points(x, y) in the plane wherex andy are non-negative integers andx + y < n.
Each point ofT is coloured red or blue. If a point(x, y) is red, then so are all points(x′, y′) of T with bothx′ ≤ x andy′ ≤ y.
Define anX-set to be a set ofn blue points having distinctx-coordinates, and aY -set to be a set ofn blue points having distinct
y-coordinates. Prove that the number ofX-sets is equal to the number ofY -sets.

Problem 2

Let BC be a diameter of the circleΓ with centreO. Let A be a point onΓ such that0◦ < ∠AOB < 120◦. Let D be the
midpoint of the arcAB not containingC. The line throughO parallel toDA meets the lineAC at J . The perpendicular
bisector ofOA meetsΓ atE and atF . Prove thatJ is the incentre of the triangleCEF .

Problem 3

Find all pairs of integersm,n ≥ 3 such that there exist infinitely many positive integersa for which

am + a− 1
an + a2 − 1

is an integer.

Problem 4

Let n be an integer greater than 1. The positive divisors ofn ared1, d2, . . . , dk where1 = d1 < d2 < · · · < dk = n.

DefineD = d1d2 + d2d3 + · · · + dk−1dk.

(a) Prove thatD < n2.

(b) Determine alln for whichD is a divisor ofn2.

Problem 5

Find all functionsf from the setr of real numbers to itself such that

(f(x) + f(z)) (f(y) + f(t)) = f(xy − zt) + f(xt + yz)

for all x, y, z, t in r.

Problem 6

Let Γ1,Γ2, . . . ,Γn be circles of radius 1 in the plane, wheren ≥ 3. Denote their centres byO1, O2, . . . , On respectively.
Suppose that no line meets more than two of the circles. Prove that∑

1≤i<j≤n

1
OiOj

≤ (n− 1)π
4

.


