IOI´98 ˘ Setubal/Po rtugal

                        Problem  Portfolio

                                 Polygon

1. Introduction to the Problem

POLYGON aims at testing the t echnical skills in Algorithms. More precisely, it is int ended t o check

if the cont estants understand the essent ials of Complexit y Theory and if they are able t o apply some

of the classical algorithm design t echniques (na mely, divide and conquer, memor y function, or

dyna mic programming).

It is not difficult to realise that this problem deals wit h arithmet ic expressions. Basically, the first

move gives rise to an expr ession wit hout brackets (which is, in general, ambiguous) and the

subsequent moves correspond to the evaluation of a fully parent hesised version of that expression.

Since t he number of dist inct first moves in a polygon wit h N vertices is N (thus, polynomially

relat ed to the size of the input), the crucial point is to find out, among the set of the fully

parenthesised versions of each of those expr essions, which is the highest represent ed value.

POLYGON has been classified by the Scientific Committ ee in the following way.

                   Problem type: Algorithmic

                   Problem understanding Difficult

                   Algorithm effort Difficult

                   Implementation effort Medium

                   Number of possible solut ions per test 1

                   Several levels of t esting Yes

The next issue concerns algorit hms for solving POLYGON. Let then N be the number of vertices of

the input polygon, and E be an arithmet ic expr ession wit hout brackets, generated after the first

move. Obviously, E comprises N int egers and N-1 operators. As we ha ve already ment ioned, the

question is how to comput e the maximum value of the fully parenthesised versions of E (referred to

as parent hesizations of E).

2. Algorithm s

2.1.  Greedy description

Due to t he presence of posit ive a nd negative int egers, none of the obvious greedy strategies seem t o

work. Consequent ly, even if ther e are algorithms of this sort, they have not been studied.

2. 2 . Brute  force

A naive  (yet, the most difficult to implement) algorit hm generates and eva luates all the possible

parenthesizations of the expression. Needless to say, it runs in exponent ial time, given that the

number of distinct parent hesizations of an arithmet ic expression wit h k operators is the Th Catalan

number (and it is well known that the Catalan numbers grow exponentia lly).

Ther e is an implementation of such an algorithm in Pascal.

According t o the divide and conquer  approach, we may try to comput e the maximum value of E,

recursively, int er ms of the maximum values of t he sub-expressions of E. In this case, although

additions do not raise any problem, in that

                                                                                                  Max(E
                                                                                                                        1

+E
2

) = Max(E
1

)+Max(E
2

),

the rule for products is not so simple, because negative numbers are allowed. Nevertheless, the

following equalities hold:

 Max(E
                      1

                          *E
                                  2

                                      )=max{Max(E
                                                                                   1

                                                                                       )*Max(E
                                                                                                                  2

                                                                                                                      ), Max(E
1

)*Min(E
2

),Min(E
1

)*Max(E
2

),Min(E
1

)*Min(E
2

)},

Min(E
                    1

                        *E
                                2

                                    )=min{Max(E
                                                                                1

                                                                                    )*Max(E
                                                                                                               2

                                                                                                                   ), Max(E
1

)*Min(E
2

), Min(E
1

)*Max(E
2

), Min(E
1

)*Min(E
2

)}.

Besides,

                                                                                                    Min(E
                                                                                                                        1

+E
2

) = Min(E
1

)+Min(E
2

),

and, if I denot es an int eger (that is to say, an expression without operators),

Max(I) = Min(I) = I.

Moreover, since ever y expression E’ =I
                                                                                                                        1

 o
1

I
2
o
2

I
3

××× I

k
o
k

I
k+1

,
with k operators, can be seen in k

differ ent wa ys,

                                                                                                      (F
                                                                                                             1

                                                                                                                 ) o
1

(F
2
o
2

F
3

×××
F
k
o
k

F
k+1

),

                                                                                                      (F
                                                                                                             1

                                                                                                                  o
                                                                                                                      1

F
2

)
o
2

(F
3

×××
F
k
o
k

F
k+1

),

××× ,

                                                                                                      (F
                                                                                                             1

                                                                                                                  o
                                                                                                                      1

F
2
o
2

F
3

×××
F
k

)
o
k

(F
k+1

),

we must comput e the maximum a nd the minimum values of each one of them, in or der deter mine

the maximum and the minimum values of E’. Notice that, apart from the specific arithmetic

calculations, this problem is very similar to the Matrix-Chain Mult iplication one.

It is not difficult to verify that a direct implementation of this algorithm generates ma ny equal

recursive calls. As a result, it also falls in the exponent ial pit (like, for instance, the dir ect recursive

implementation of the Fibonnacci function).

This algorithm has been implement ed both in C and in Pascal.

2. 3 . Polynomial Algorithms ˙ O(N

4

)

To overcome t he drawbacks caused by equal recursive calls, we can apply t wo distinct t echniques:

me mory function  or dynamic programming . The resulting algorithms run in O(N

3

) time and

requir e O(N

                                     2

                                         ) space, as expect ed. All the sa me, the time complexity of POLYGON turns out to be

O(N

             4

                 ), because N problems (one for each generated expression) are solved.

The t wo solut ions have been implement ed bot h in C and in Pascal.

2.4 Polynomial Algorithms ˙ O(N

3
)

At first sight, we can be lea d to believe t hat expressions generat ed by differ ent first moves are

independent. However, after a close exa mination, we conclude that they actually have ma ny

common sub-expr essions. So, we can calculat e the maximum and the minimum values of each sub-

expr ession only when t hey are needed for the first time, and use them t her eaft er, saving a lot of

computations. In practice, as the number of distinct sub-expr essions is N

2
, both the memor y

funct ion and the dyna mic progra mming algorit hms for solving POLYGON run in O(N

3
) time and

requir e O(N

                                     2
                                         ) space.

Ther e is an implementation of the dyna mic progra mming version both in C and in Pascal.

3. Running times

The following table sums up the running times of our programs, for the input polygons to be used in

the evaluation. For the table to fit on t he page, we abbreviated the sent ence ^it runs in less than one

second~ to ^< 1 sec~, wher eas ^> 600 sec~ mea ns that the program has been aborted aft er ten

minut es. Ther e are no significa nt speed differ ences between the corresponding Pascal and C

programs.

                                        Algor ithm INPUT 1 INPUT 2 INPUT3 INPUT 4 INPUT5

                                  Naive ˙ EXP < 1 sec < 1 sec < 1 sec > 600 sec > 600 sec

         Divide and Conquer ˙ EXP < 1 sec < 1 sec < 1 sec > 600 sec > 600 sec

          Memor y Function ˙ O(N

                                                                                                  4
                                                                                                      ) < 1 sec < 1 sec < 1 sec < 1 sec < 3 sec

 Dynamic Programming ˙ O(N

                                                                                                           4
                                                                                                               ) < 1 sec < 1 sec < 1 sec < 1 sec < 2 sec

 Dynamic Programming ˙ O(N

                                                                                                           3
                                                                                                               ) < 1 sec < 1 sec < 1 sec < 1 sec < 1 sec